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Abstract— Montgomery modular multiplication (MMM) in
residue number systems (RNS) uses a base extension (BE)
technique. This is to avoid division, which is hard, slow and
costly in RNS. It is somewhat less costly and faster than the
reverse conversion, via Chinese remainder theorem (CRT) and
reduction factor method. However, it is used one after the other,
for each of the equally large bases. In this work, we modify the
conventional RNS-MMM algorithm via replacing the two
unparalleled BE undertakings with three parallel CRT-like
operations with the same complexity, as BE. As for the reduction
factors, we use a special case of the Kawamura’s algorithm that
leads to definitive result. The proposed RNS-MMM method
allows for squaring the working dynamic range, or halving the
bit-width of the balanced residue channels. Moreover, the
common practice of dynamically changing the working moduli
set in security and crypto applications is less critical due to
doubled size of the pool of available moduli. The proposed
circuits are simulated, tested and synthesized via Synopsys
Design Compiler on the TSMC 65-nm technology, to show 69%
less delay and 28% less area-time-product at the cost of 14%
more energy consumption, with respect to the most relevant
reference work.

Keywords— Montgomery modular multiplication, Residue
number systems, Modular reduction factors, Base extension.

I. INTRODUCTION

Modular multiplication of large > 1024-bit integers is the
basic operation in several public-key cryptosystems (e.g.,
RSA [1], Rabin [2]). It is often realized via the hardware
realization of the well-known Montgomery Modular
Multiplication (MMM) algorithm [3].

MMM realization via residue number system (RNS)
arithmetic leads to speed gain and low power dissipation, due
to the parallel processing nature of residue channels.
However, there are some critical issues in deciding the
characteristic of the working RNS, as are enumerated below.

1) Equal bit-widths r of the working k-moduli RNS is
desirable, since it generally leads to the optimizing property
of speed-balance among the parallel residue channels.

2) Crypto key-lengths of over 21° bits and the required
counter side-channel attack strategies call for hundreds of co-
prime moduli to allow sufficient dynamism in the task of
frequently changing the working moduli set [4].

3) The base extension (BE) technique is commonly used
for avoiding the difficult, slow and costly division in the
MMM.
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However, the requirement of employing two equally large
moduli sets doubles the essential number of co-prime moduli,
while the working dynamic range (DR) does not increase and
equals that of one moduli set.

4) Deciding on the values of k and r is a critical design
issue, where smaller bit-width r, for speedup, results in more
number of moduli k, which in turn can slow down the BE.

To take utmost advantage of the available pool of equal
bit-width moduli, getting around the necessity of utilizing two
bases required by the BE technique, saves half of the moduli
in favor of squaring the DR. That is how we were motivated
to modify the conventional BE-based RNS-MMM algorithm,
via replacing the two unparalleled applications of BE to three
parallel operations whose complexities are compatible with
that of the Chinese remainder theorem (CRT); hence hereafter
referred to as CRT-like operations. Therefore, all the available
moduli contribute to the enlargement of DR, where its range
is actually squared. Otherwise, the bit-width of the balanced
residue channels can be halved, for the same DR. On the other
hand, the double sized moduli pool can be best used to further
decrease the probability of successful side channel attacks.
The simulation, test, and implementation results for the
proposed algorithm and the most relevant previous work [5]
show advantages in speedup, and area-time (AT) product
reduction at the cost of more energy consumption.

In the rest of this paper, some background on MMM
definition and RNS essentials are given in Section 2. Section
3 contains the proposed modified RNS-MMM and the
definitive reduction factor derivation. The proposed
architecture is provided for in Section 4, which is evaluated in
Section 5, and its figures of merit are compared with the best
previous relevant work. We conclude the paper in Section 6.

Il. BACKGROUND

The Modular multiplication |X x Y|, represents the main
operation in most public-key cryptographic algorithms (e.g.,
[1], [2]). The direct realization of |X x Y|y (X,Y € [O,N —
1]) requires huge hardware resources, since the working
modulo N is extremely large. Therefore, the well-known
Montgomery modular multiplication (MMM) integer function
MMM (X,Y), as is described by (1), is employed to obtain the
modular product |X X Y|, via (2).

7 =MMM(X,Y) = |XYT"1|, = (XY + N|IVXY|1_) I (1)
|X X Y|y = MMM(Z,|T?|y) 2

The Montgomery factor ' and its multiplicative inverse
I'~1, satisfy I' > N and [TT~*|, = 1, respectively, and N is
the multiplicative and additive inverse of N, as N =
[(=N)~1|. A verifying proof of (2) is given in Appendix 1.



To ease the understanding of the RNS realization of the
latter (see Section 3.1), we briefly describe the RNS essentials,
as follows.

A. RNS Essentials
A k-moduli RNS is a non-positional number system where

a number X is represented by a k -tuple residue
(x4, %5, .., X,) , with respect to k -tuple moduli
(my, m,, ...,my). A residue x;, denoted as xl X, is

obtained by extracting the integer remainder of — forl<i <

k. The cardmallty of numbers that are unlquely representable
by the RNS in hand, is called dynamic range (DR), which is
maximized by securing mutual primality between the k
moduli, and thus is equal to M = m, ... X m;, . Addition,
subtraction, and multiplication are performed faster through k
parallel residue channels, where the corresponding residue
operands are smaller than original binary operands. However,
division and comparison are considered as difficult (i.e., slow
and costly) operations in RNS, such that often they are
performed via reverse conversion of RNS operands to binary,
performing wide word binary division or comparison, and
forward conversion of the quotient and remainder (if needed)
to RNS equivalents [6].

The CRT is often used for the aforementioned reverse

J
M]-‘1 is the multiplicative inverse of M; with respect to m;. A
common way for the latter modulo-M reduction, is described
by (3). The reduction factor 0 < yy < k [7] can be obtained
via an implementation method that is explained in Section 3.2.

. — M
conversion, as X = |Z§:1|x,-M]- Y Mjl , where M; = —,
iy

X=X-yMX= Z|ij;1| M,
=1 "

Z] 1|x] | @)
M

Yx =

I1l. PROPOSED ALGORITHM

The conventional RNS MMM algorithm [7] relies on two
consecutive applications of the BE technique. The BEs
correspond to two non-overlapping moduli sets, whose DRs
are greater than N. Such hugely high DR requires large
number of moduli with reasonable bit-width of the
corresponding residue channels in favor of speeding up the
MMM. However, the larger the moduli set, the longer the BE
delay and the more its cost. Nevertheless, the proposed new
RNS modular multiplication algorithm, as is described in the
rest of this Section, consumes the moduli of both bases as one
base, and performs three CRT-like operations in parallel;
hence one or more of the following possibilities can be in
order:

1) Speedup via reducing the bit-widths to half, thus
doubling the number of moduli, for the same working DR.

2) More dynamism in moduli set selection to reduce the
probability of successful side-channel attacks.

3) Keeping the same bit-widths, but reducing the total
number of moduli to half, for faster CRT-like operations.

A. New RNS implementation of (1)

Let the employed single RNS base be denoted as B =
{m,, m,, ..., my} with k main residue channels of equal width
r . This will be augmented with a particular channel
corresponding to modulo m,, whose utility will be explained
in the sequel.

Recalling (1), the Montgomery factor I is set, as usual
(e.q., [7], [8]), to the DR M =m,; X m, ..xXm, (i.e, T =
M). Therefore, M > N and the balanced bit-width r must
satisfy k x r = n = [log, N].

At the outset, recalling (1), the integer Z = |

can be described as in (4), where o € {0,1} (see Appendix 2
for a proof).

XY+N|NXY|M|

. Xxy N|Nxy|,
Z=1-0NZ=—r+—" 4)

Recalling (3), and similar equations for Y, we decompose
7 to Z, and Z,, as follows.

xy X7 > o NQ
Zy="r =~ Vx¥ —w& + yxMyy, and Z, = 7= =
E—yQN , where Q=|Nxy| =Q-vyoM , Q=
]:1|wj - |m]MJ Wi = Q.
7,, can be obtained in terms of x; = [X|,,, = |)?|m Vi =

Y1, = |71, pand o = Iﬂlmi=||IV|m,xiyi| , as follows.

i

z, = |Z|mi =121+ Zyl, =

B yx? =y X+ My, + __YQN|
|XY+NQ —(vx? +n X + YQN)|
Let F — |XY+NQ

, and G; = |yx? + vy X +yQN|ml,

"
which leads to Z; = [F; — Gil,-

Recalling the integer nature of Z, so must be the fraction
F;. The corresponding integer expression is derived below,
using six variables defined as §,, = |xiMi‘1|ml., X =X-

ExiMi = Z?:l Eij]

i, and similar definitions for Eyi,Yi’, €opr
Jj#i

and Q;. Moreover, six similar ones are defined with the index
j. Also we use the following identities:

!
L

. . Y;
Likewise, | |
Ml

|X_l’| = Zk 1E m._l
= X ;
M, Jj# jT

m;

k -1
Lj=15y,m
Jj#i

Q k -1
L j—
’ and |H| - Zj:l Eu)]m]
mi j#i
m; m;

(x{ +8x,M;) (] +8y M
M

F = §)+N (] +E0,M;)

my
Iy, ! ! ! !
XY +EXiMiYi +EyiMl'Xl- +N.Ql- + EXiMiEyiMi-"NEO)iMi
M M

|mi



Iy ! ! ! !
X{Y] 48 MY +8y, M X[ +NQ

Let F, =

i1

, and

M
m;

‘ExiMiEyiMi‘*‘N‘Eo)iMi

Fi = | .
M m;

2

Appendix 3 provides for a proof that F;, yields an integer.
Therefore, F;, must also yield an integer. The corresponding
integer expression for F, is given as in (5), and that of F;  is
derived below. Note that for notational brevity sake the plain

¥ denotes Zle, unless otherwise specified.
JE!

-1 -1
|Exl-zyi|Mi|mimi + EwilNlmimi |22r

F, = M; N
[ e )|
i i m

lmi

Z(Eijj)Z(EyjMj)+xi2(§ijj)+yl'Z(Eijj)+NZ(Eijj)

F, = —
= [z (5mi) + 32 (ymi™”) + N2 (8|
since |2 (Ex].Mj)|m = 0,duetoj # i.

Consequently,

2\ —
xZ(zy ) + v (8,mi ) + N2 (80,m )
+|Exi§yi|Mi|mimi_1 + EmilNlmi i_1|22r
M; N
v (<[, |
m; m; m;
—YyXi = YxYi — YaN m;

B. Derivation of the reduction factors

Equation set (7) is a reproduction of (3), where |x; M; ! lm;
is replaced by &, , and M;/M, by 1/m;, with similar
expressions for Y and (0.

Yx = [Z" EXJ lZf:f;yz Yo = lEfﬂEmi: )

Following [7], the equations for reduction factors y, and
Yy, €an be elaborated on to lead to the definitive expressions
in (12), where m; = 2" —§;, without loss of generality.
However, yq will be handled separately in Section 3.2.1.

G | b by
St T T

k

Lety} = Ex‘ , which given that

B | 2TEgm lle_le +

27 2"m;

Exl i

, can be decomposed to an easy

to implement part v = Z“Zlfx‘

and a difficult part y§ =

5,5,
1m0 B VX = Vi + Vi

i=1 2Tm
In the sequel we show that, via some restrictions and
conditions, we can simplify the reduction factor equation as
Yx = [yi + %J hence no need to obtain y%. For example, (8)

and (9) provide for one pair of sufficient conditions, since they
lead to (10), as follows.

1 1
Y SYR=VRHVE <vxt;=vxH;-vE<vi+
1 1 1
S<vx+1-v§ per(8) andyx <vyyx+,—v§<vi+;<
yx + 1, per (9).

1
Y <vx+3 8
1
Y§<; 9)
1
Yx <Vx+5;<yx+1 (10)

For (8) to hold, the following is obtained from (3).

ExL
X+YXM Zzl'ExME +vYx = Zk _Y)J?<

Yx + E = E < E’ which is satlsfled if M > 4N, since X <

2N, must hold. On the other hand, let §,,,, denote the
maximum §&;-value, which leads to the following, where §; =

8max s 82 = Simax — 2, -~~8i=8max_2(i_1)a O =
Omax — 2(k —1).
Exl- i Smax—(2i-2)

v = B gt <3, 2 < pl, (PR -
W. Therefore, (9) holds if W < % :
which leads to (11).

-1
Smax < —+ (k= 1) (11)

Consequently, (12) yields the reduction factors vy and yy,
if M > 4N, and §; values satisfy (11).

T8y 1, 3%y,
Yx—l + ;r"J,vy=[;+%J (12)
1) Derivation of yn
As in the X case, +yQ —yQ K & However,
unlike the case of X, whereﬁ < E’ we have Q = |[Nxy|, <

M= % € [0,1), which leads to (13), and furthermore to (14),
as follows.

YQSY5=YQ+%<YQ+1 (13)
YaSYa=Vatva<vatl=Ya-Va<va<
Ya+1—v4, per (13), and yo <vo +5-Yv4 <va +; <

Yq + 2, per applying (9), for y4. Therefore,

1
va=ri+3] -
1
e, T
0 lfyg+2<yn+1 (14)

1
1 ifyge+52yn+1

Replacing in (6) for the three reduction factors, leads to

7= |zl + |aN|mi| , where the definitive residue z; =
m;

|2\l - |(xN|mi|m‘ =
1



X2 (Eyjmj_l) +y,2 (Ex].mj_l) + NZ (ijmj_l)
+|ExiEyi|Mi|miml'_1 + |N|miEwimL’_1|22‘r

o o+ o),

gl e g 43l
Y 2 i X 2 i Q 2

+X;Y;

mi
On the other hand, recalling (4), Z=Z +oN = Z; =
|zi + |0N|,y,| where0 < Z = |Z|, < N. Consequently,

7= |z + loNl,, | = lanl, | =
i m;
1ZIm; + 16N, = laN ] | =
Z=|Z+oN-aN|, =72 =Z+(c-ON=
—N < Z < 2N, sinceos,a € {0,1} = o — a € {-1,0,1}. To
fix the undesired negative interval for Z', let 2/ = 7" +

N = 0<2"" < 3N. Since this result is used as the input for
the next MMM, we need to allow the input range to be as 0 <

X,Y < 3N.Then, M > 6N satisfies the conditions% < % and

%< % that was required for (12). However, to extend the
dynamic range to 6N, we add a constant modulo m, = 8, as
the sole power-of-two modulo, which increases the DR to 8
times the original [T, (2" — 8;), where §; > 0.

Note that enforcing 77" in the subsequent MMM
operations leads to correct results since, recalling (1), Z =
MMM(X,Y) = | XYM™1|y =

MMM (27, 1421y ) = |27 M2y M7 | =

Z'+M2M—1| = Z'+M| =|(Z+ (6 — a+ DN)M|y
N N

=|ZM|y = [IXYM |yM|y = [XYM'M|y = |X X Y|y.

~+
To obtain Z'+, we use (15) to find its residues z; =

=+ -3
7 | = |zl- + |N|mi| .
m; mi

~+

7

x;Z (Eyjmj_l) +y,2 (Exjmj_l) + NZ (ijm]-_l)
8By IMilmymi™ + IN I 8o,mi |,

IMi o IN -
([ o+ [ ) a9
i i m;

Z'l-+N| =
mi

1 1 1
—lv5+§in—lv§+§in—lY5+§JN+N

my

Algorithm 1 describes the steps of implementation of (15),
whose circuit realization is discussed in Section 4. Note that
the subtrahends in Step 4 represent the reduction factors in
(15).

Algorithm 1 (New RNS-MMM)
Inputs: m;, x;, v, 0<i <k
Outputs: 21 ,0<i<k
1) Fori = 0to k do par
Wi = 1%:Yilmg & = 1M s &y, = VM |y
2) Fori = 0to k do par
€y = |Wi|NMi_1|mi|

m;

= [ o (2w + 2] )
3) Fori = 0to k do par
|28y | Milimmi ™ + &y INL;m 7o,
4) Fori = 0tok do par

Pa = (B0 e bymit) = |5 +3]:

Py; = (Z;{:o,jiizyjmj_l) - lYfI + %J,

Pw; = (Z?:O,j::i ijmj_l) - lY?) + iJ:
5) Fori = 0to k do par

~* N+ xi|pyl'|mi + yi|pxi|mi +
zZ;, = H
' |N|mi|pwi|mi + ui + Si

‘ ’
mi

3 .
mi

S;i = ;
mi

m;
IV. IMPLEMENTATION OF ALGORITHM 1

The main and most complex step of Algorithm 1 is the
Step 4, which is mainly implemented by the architecture
depicted by Fig. 1. Each of the three parallel expressions for
DPx;» Py;» and p,, consist of a main multi-operand MAC
(MOMAC) and a rounded reduction factor, which is obtained
in parallel (not shown in Fig. 1). Intermediate registers are
utilized as well to store the output of the carry-save
multiplication and minimize clock cycle delays. Each Z, in the
Step 4 is obtained via the lazy reduction technique [9]. The
multipliers are non-modular and produce 2r-bit products,
where the final multiply-accumulate (MAC) results undergo a

forward conversion, for deriving [p,,| . |py,| . and
m;

m;
|pw.| . The generated 227-weighted carries are accumulated
A mi

to be 52-folded before entering the forward convertor, since
|22TC|2T—5i = |8%C|2r—6i-

Derivation of the aforementioned Xs, in the channel i,
should be preceded with attaining Exj, Eyj, and ij values, in
other channels. To do this, we use the second level MMM,
twice, with the Montgomery factor I' = 2" [10], as in (16),
which leads to the correct Exj, similarly for Ey]_, and Ew}..

<x]-|Mj‘1|mj)+m,—‘(—mi)_1<x1-|Mj‘1 mi>

xj 27

2" (16)
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»
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| Register | Register Register
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T
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" FC: forward convertor

Fig 1. Three parallel MOMAC implementing (15)

V. COMPARISON AND EVALUATION

As it is common in the analytical evaluation of MMM and
in crypto algorithms, in general, we discuss the performance
of the proposed MMM in terms of number of the required
multiplications. However, the overall architecture is
synthesized via the Synopsys Design Compiler, and the results
compiled in Table 2.

A. Analytical evaluation

Table 1 contains the number of required binary
multiplications for the Steps of Algorithm 1. The superiority
of this work over the best previous one due to [5], is evident
via comparing the bottom two rows of Table 1. Equal cost and
delay for multipliers of both works are assumed. The reported
pipelined cycle counts of [5] is 2k + 22, which is twice more
vs the proposed design. However, for a more fair comparison,
the corresponding figure in Table 1 regards the un-pipelined
design, which is 6X. Nevertheless, the cost of our work is 50%
more, leading to expected 3X cost-speed product.

B. Synthesis results

The VHDL codes for designs of the previous most
efficient RNS-MMM [5], and the proposed method are
mapped into the Synopsys Design Compiler on the TSMC 65
nm standard CMOS library. This was done by enforcing
frequency constraints during synthesis.

The results are compiled in Table 2, where some properties
and advantages of the proposed work versus that of [5]
follows.

TABLE 1 - # OF MULTIPLICATIONS REQUIRED FOR IMPLEMENTATION OF (15)

# of multiplications
Step CDP* Total

1 3 3x3=9
2 3 3+3=6
3 2 3+1=4

4 k 3x3k

5 3 5

Grand Total k+11 k(9k + 24)
Ref. [5] 6k + 15 k(6k + 15)

* Critical delay path
e The MMM speed grows, as the channel width
increases, since the number of channels decreases for
the same key-length.

o 62%, 66%, and 69% delay reductions, for channel
widths r = 24, 32, and 64, respectively, versus 32 of

[5].

e 6% less energy consumption for channel width r =
24.

o 39% less area consumption per channel width r = 24,
and 18% less total area consumption (i.e., including the
reduction factors).

o 69%, 42%, and 28% reduced area-time (AT) product,
forr = 24, r = 32, and r = 64, respectively.

o Significant reduction in the probability of successful
side channel attacks due to increase in the number of
available moduli.



TABLE 2 - SYNTHESIS RESULT OF THE SINGLE BASE MODULAR MULTIPLICATION IN COMPARISON WITH THE AUTHOR'S PREVIOUS WORK AND THE MOST
SIGNIFICANT PREVIOUS WORKS

Sltzr::eof Per residue channel #of | Clock | Probability MMM Dela AT -

Design moduli Area Power r | k |clock] cycle |Ofsuccessful n (ns) Y (ms x 2) | (ms x mw)
pool (mm?) (mw) cycle | time attacks ms xmm ms xm
43 75 27294 1024 57 0.118 0.078
Single B 1981 0.048 318 24 86 | 118 0.76 27506 2048 90 0.374 0.246
Ingle Base 32 | 64 2736 1024 51 0.221 0.102
sﬂrg’(/lallolg 384000 | 0.135 62.3 32 62 % 0.79 2678 2048 76 0.660 0303
16 48 > 27274 1024 47 0.274 0.096

6

> 10 0.364 127.9 64 32 64 0.97 > 27520 2048 62 0.723 0.253
[5] 251 0.079 174 32|32 | 8 1.86 27134 1024 149 0.380 0.083

Note that [5] provides for only one channel bit-width r = 32,
but with two different moduli selection. The smaller moduli
set regards moduli of the form 232 — (2" + 1), which leads to
251 co-prime moduli. However, the moduli of the form 232 —
8, with less restriction on 8, as § < 2%, provides for 4782 co-
prime moduli. Nevertheless, this one is not included in the
comparison set, since the corresponding residue channels
perform slower than those of the smaller moduli set.

On the other hand, recalling (11), the proposed MMM
imposes less restriction on moduli selection, besides co-

31
primality. For example for r =32, § < 23—2 +31 =22+
31, leading to 384000 co-prime moduli, out of which

(°%39°°) =~ 10™** moduli sets of size 32 are dynamically

selected. Moreover, the performance of all the corresponding
residue channels are based on deferred end-around carry
scheme of [11].

VI. CONCLUSION

The conventional Montgomery modular multiplication in
residue number system relies on two CRT-like operations with
two non-overlapping moduli sets. The second operation
depends on the result of the first one thus no time overlap is
possible in the course of their executions.

The proposed RNS-MMM implementation uses three
parallel CRT-like operations, all on the same moduli set;
hence it offers faster Montgomery product generation. Also it
frees the second base in favor of doubling the size of moduli
pool. This, in turn, increases the number of choices for
dynamic switching between the working moduli set; hence
reducing the probability of successful side channel attacks in
the cryptosystem that perform modular exponentiation based
on MMM.

The proposed RNS-MMM algorithm enjoys the definitive
derivation of the reduction factors, which is achieved via
extending the value of Montgomery factor (i.e., I = M) to
over six times the value of Montgomery modulo N (i.e., T =
M > 6N). This is actually undertaken via augmenting the
moduli-set {m, ..., m;} withm, = 8.

The best results regarding the proposed MMM scheme
occurs for the channel width r = 24, and key length n =
1024 with over 60% speedup, nearly 20% less area cost, and
6% lower energy consumption, in comparison to the best
previous relevant work due to [5].

VIl. APPENDICES
Appendix 1 (Proof for double application of MMM)

Rewriting (2), as |[X X Y|y = MMM(MMM(X,Y),|T?|y),
and twice application of MMM(X,Y) = |XYT 1|y , as
follows, provides for the desired verification.
MMM(MMM(X,Y),|T?|y) =
MMM(XY (T~ ly, IT?|y) =
XY (T™)]y X IT?|y X (TH)|y =
XY (T DIy X ITlyly =Z
Appendix 2 (Proof of o € {0,1} in (4))
Recalling (1) and (4), proof of c€{0,1} in Z=
|XY+NWXY|M — XYENINXYIM _ a7 s in order, where 1), 2)

M |N M
and 3) are used as needed.

1) |XY|y = XY, since XY <N, =M >N=TN >
N2 = XY < MN.

2) MMT'—NN=1=M"1=="20
3) XY +N|XYN| <N?+MN=
(N/M + 1)MN < 2MN =
|y + N|xYN|, | =XY+N|XYN|, — oMN,
Mlrn M
o€ {0,1}.
N |xy(1+1v1?1)‘
Z = XYM, = |X"(1+NN)| = M v
M N M
|Mxy(1+1v1’\7)|
M yy _ XYQ+NN)Imn _ [IXYIMN+HXYNNIMNIMN
r - M - M -

IXY+N|XYN|pmIlmMn _ XY+N|XYN|py— oMN _
M - M -

XY | N|XYN|y
—+——o0N.
M M



. x;Mi&y . +N& . |M; .
Appendix 3 ( Fy, = W yields an
m;
integer):
Proof: Recalling the integer nature of F; = |X—YLNQ| '
m;

the nominator F* = XY + NQ is a multiple of M, and thus
a multiple of m; leading to |F*|,,, = 0 =

( fi Efof) X (Z?=1EJ’1MJ') +

|, = =

N( ?=1£°’1M1’)
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L. Therefore, §, M;§,, + N&,, = Em; is a multiple of m;. On
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the other hand, F;, =

m;

m
m; i
|Zl,,, completes the proof. However, to derive an integer
expression for £, we proceed as follows, where r, as before,

denotes the width of residue channels.
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Exlgy" Ly mlel < mlz + m; = (21‘ - (Si)z + (Zr — 81) =

m
22T + 2T + 812 _ (2r+1 + 1)81 - 22r + (1 _ 281)27‘ +
(87 - 8,) < 27",
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